
Dynamic Article LinksC<Soft Matter

Cite this: Soft Matter, 2012, 8, 303

www.rsc.org/softmatter COMMUNICATION

Pu
bl

is
he

d 
on

 1
7 

N
ov

em
be

r 
20

11
. D

ow
nl

oa
de

d 
by

 N
or

w
eg

ia
n 

U
ni

ve
rs

ity
 o

f 
Sc

ie
nc

e 
an

d 
T

ec
hn

ol
og

y 
on

 1
6/

08
/2

01
3 

04
:2

0:
32

. 
View Article Online / Journal Homepage / Table of Contents for this issue
Ultimate strength of a colloidal packing

Arijit Sarkar and Mahesh S. Tirumkudulu

Received 12th September 2011, Accepted 2nd November 2011

DOI: 10.1039/c1sm06720f
The phenomenon of cracking in drying colloidal dispersions is

investigated with a focus on the role of flaws on the critical stress

required to nucleate cracks. Experiments show that the stress

required to fracture a cylindrical colloidal packing saturated with

solvent under axial tension varies inversely with the three-half

powers of the diameter. The predicted critical stress required to

initiate cracks from flaws shows the same scaling with flaw size.

Close inspection of the failed sections of the packing revealed flaws

entrapped during the drying process. The maximum capillary

pressure sets the critical flaw size below which the crack will not

nucleate, thereby giving the ultimate strength of the colloidal

packing. The experiments show that if the flaw size can be restricted

below the critical value, large colloidal packings free of cracks can

be synthesized.
Understanding why and how cracks nucleate and spread in drying

colloidal dispersions is important in describing naturally occurring

processes such as cracking of soil and river beds along with many

technological process applications such as paints and coatings, elec-

tronics, and pharmaceuticals.1,2 The colloidal dispersions normally

consist of a particulate phase made of metal oxides3 or polymeric

particles4 dispersed in a solvent which is either a lowmolecular weight

solvent or more often water. During drying, particles concentrate

until they come in contact and the menisci between the top layer of

the particles formed by the liquid-air interface exerts capillary pres-

sure on the packing. If the bed is constrained from shrinking, tensile

stresses develop that can nucleate cracks when the stresses exceed

a critical value. Many studies have investigated the conditions under

which drying colloidal beds crack with focus on the thin film geom-

etry.3–5These studies havemeasured the critical stress at which a given

film cracks and compared it with the stress required to drive an

infinitely long crack through the film. The measured critical stresses

were higher than the predicted value though the measured scaling of

critical stress on the film thickness agrees well with the prediction. It is

only recently that the role of pre-existing flaws in nucleating cracks

have been highlighted by Russel and co-workers6,7 who attribute the

discrepancy to the presence of such flaws.

The calculation of the critical cracking stress in stressed colloidal

packings mirrors those first pioneered by Griffith8 almost a century

ago who showed that the a pre-existing flaw in a brittle material will
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expand into a crack when the elastic energy released due to stress

relaxation in the material becomes equal to the increase in surface

energy due to increase in crack length. These calculations utilized the

stress field obtained by Inglis9 who showed that for a plate under

a uniform far field stress and containing a flaw in the shape of an

ellipse, the ratio of the stress at the corner of the elliptical hole to the

far-field stress scales as
ffiffiffiffiffiffiffiffi
a=r

p
where a is the semi-major axis of the

hole and r is the radius of curvature at the crack tip. Consequently,

tiny flaws tend to concentrate stresses at the crack tip thereby

reducing the strength of the material. Applying the aforementioned

energy balance, the critical stress for cracking scaled as,

sca
1/2� (Eg)1/2, whereE is the modulus of the brittle material and g is

the interfacial tension. For experimental confirmation, Griffith

measured the tensile strength required to break glass fibers and found

that the fracture stress increased as the fiber diameter decreased,

thereby suggesting that thinner fibers accommodate smaller flaws and

so break at higher stresses. Thus the Griffith’s criterion demonstrated

that the uniaxial tensile strength could not be a specimen-independent

material property and helped resolve the long standing difference

between the relatively low stress needed to fracture brittle materials

compared to the much higher theoretical stress values needed for

breaking atomic bonds.

The question then arises if a similar experimental validation of the

influence of flaws on the strength of a colloidal packing saturated

with a solvent is possible. Specifically, is it possible to produce fibers

of varying diameters made of a solvent-saturated packing of colloidal

particles whose tensile strength can then be tested as a function of its

diameter? In this work, we present novel experiments that measure

the critical tensile stress required to break a thin colloidal bridge or

‘‘fiber’’ and show that the critical stress scales inversely with the fiber

diameter. Packing faults and voids formed during the drying process

act as flaws and are responsible for initiating the failure. Unlike brittle

materials, there exists a critical diameter belowwhich the fiberwill not

break which is set by the maximum possible capillary pressure that

ultimately determines its strength.

Aqueous colloidal dispersionwere prepared fromalumina particles

of mean diameter, 2R¼ 340 nm (SumitomoAKP-30�) at 5.1 pH and

initial particle volume fraction, 0.53.10 The particles were mono-

disperse (PDI � 0.2) though not spherical. A small volume (50–100

ml) of the dispersion was sandwiched between two parallel circular

plates of a rheometer (MCP-301, Anton-Paar�) and allowed to dry

(Fig. 1). The dispersion wetted only a small circular central section of

the stationary plates. The wet dispersion forms a liquid bridge con-

necting the two plates, with the diameter of the thinnest (central)
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Fig. 1 (a) Image of the liquid bridge of colloidal dispersion drying

between the plates of the rheometer. (b) The contours of the ‘‘fiber’’ are

plotted at three different times. The corresponding force measurements

are given in Fig. 2. (c) The average radius at three different vertical

sections (z ¼ z1, z2, z3) are plotted as a function of time. A schematic of

the drying mechanism is included. The capillary menisci between the

particles is highlighted. The tensile force, F, is recorded by the force

transducer connected to the top plate.

Fig. 2 Typical tensile force (negative) output from the rheometer. The

three points (A–C) correspond to the images in Fig. 1(b). The inset

presents the SEM image of the cross-section of a typical failed section

with one large void left of center.
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section of the liquid bridge controlled by either varying the volume of

the dispersion or by varying the gap between the plates (Fig. 1(a)).

Since the gaps are small (less than 5 mm), the shape of the liquid

bridge is only slightly effected by gravity and it appears symmetric

about the central horizontal section.

The particles pack first at the free surface especially at the edges of

the film in contact with the top and bottom plates, and the capillary

suction created by themenisci between the packed particles draws the

particles and fluid from the central section of the liquid bridge.

Consequently, a front separating the packed bed from the dilute

dispersion region grows from either of the plates towards the central

section of the liquid bridge, as indicated by the change in the radius at

three different locations (Fig. 1(c)). The vertical arrows indicate the

time after which the radius did not change. The time evolution of

the shape of the liquid bridge (Fig. 1(b,c)) shows that the diameter of
304 | Soft Matter, 2012, 8, 303–306
the fiber at the center (neck) decreases the most compared to other

sections of the bridge. Further, the fiber becomes slightly asymmetric

once the particles completely pack. The contours A and B (Fig. 1(b))

correspond to the initial liquid bridge at the start of the experiment

and when the fiber cracks, respectively. The contour C was obtained

when the top plate was lifted which clearly shows that the fiber

cracked at the neck.

A force sensor connected to the top platemeasures the tensile force

during this entire process. The force measurement presented in Fig. 2

corresponds to the experiment whose images are presented in

Fig. 1(b). Themeasured force is negligible for t<600 s suggesting that

the particles have not completely packed and fluid connects parts of

the liquid bridge. Once the entire liquid bridge transforms into

a colloidal particle packing, the negative pressure of the liquidmenisci

pulls on the plates generating a tensile force. This arises because the

fiber is free to contract in the radial direction while it is constrained in

the vertical direction by the plates. In Fig. 2, the tensile force rises

beyond t � 650 s reaching a maximum value at around 800 s, after

which the force falls sharply to a negligible value. At the end of the

experiment, the two plates were separated to determine the region

where the fiber had cracked (contour C in Fig. 1(b)). In almost all

cases, the fiber cracks at the neck where the diameter is the smallest.

For the remaining experiments, the fiber de-bonded from one of the

rheometer plates. The latter corresponded typically to those experi-

ments where the neck diameter was very small. In many cases, the

failed section showed the presence of hemispherical pockets sug-

gesting that voids, trapped due to packing fronts advancing

from different sides, may be responsible for initiating the failure

(Fig. 2, inset).

While the experiments performed with the low pH alumina

dispersion (�pH 5.1) were successful, those performed at higher pH

values (pH> 7) did not generate any force and the samples debonded

from the rheometer plates. This is because alumina is soluble at low

pH which leads to redeposition of alumina from the particle surfaces

to the particle contacts during drying.3,10 Consequently, the particle

network is toughened and can withstand large stresses.

The critical stress for cracking is calculated by dividing the

maximum force by the cross-sectional area of the neck. Fig. 3(a)
This journal is ª The Royal Society of Chemistry 2012
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Fig. 3 (a) The measured (dimensionless) stress at the neck is plotted as

a function of the dimensionless inverse neck radius (�r�1
N ). The solid line

plots the predicted stress (1) as a function of dimensionless inverse flaw

size (�a�1). The dashed line was obtained by setting �rN ¼ 8.6�a in (1). Here,

G ¼ 156GPa,13 glg ¼ 0.072Nm�1, gsg ¼ 1.06Nm�1,14 R ¼ 170nm, frcp ¼
0.6410 and M ¼ 6.10 (b) The ratio of neck to flaw radius is plotted against

the dimensionless inverse neck radius.
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presents the variation of the dimensionless critical stress

(�sch scR/2glg) as a function of the dimensionless inverse neck radius

(�r�1
N h (rN/R)

�1) measured at the end of the experiment. Here, glg is

the surface tension of water, and rN is the radius of the neck. The

critical stress increases with decreasing radius suggesting that thinner

fibers are tougher—an observation in line with that of Griffith’s for

glass fibers. However, for neck diameters between 270–530 mm

(10�3 > �r�1
N > 6� 10�4), and irrespective of the volume of the initial

dispersion or the gap between the plates, the fiber did not break.

Instead, the fiber de-bonded from one of the plates. For very small

diameters, the liquid bridge was either unstable or the neck would

break at very low tensile stresses. Colloidal fibers are extremely

delicate at such small diameters and are susceptible to small

mechanical vibrations in the rheometer. Fig. 3(a) also includes a few

rare cases where debonding was observed for �r�1
N < 3 � 10�4.

A recent study11 has considered a two dimensional packed bed of

colloidal particles that is uni-axially stressed by capillary pressure and

determined the stress field close to an elliptical flaw embedded in the

packing. In the absence of a flaw, a nonlinear constitutive relation12

that relates the macroscopic stress in a packed bed saturated with

solvent to the macroscopic strain, results in a far-field uniaxial stress

that varies as square of the strain. The stress and strain fields are

linearized about the pre-crack state to determine the disturbance

displacement field immediately after the opening of a mode-I crack.

Next, the stress intensity factor for the two dimensional elastic field is

related to the surface energy using the Griffith’s energy criterion for

equilibrium cracks. The calculations show that the dimensionless

critical capillary pressure required to open a crack varies inversely

with the crack length to the two thirds’ power and depends on

a dimensionless parameter that measures the ratio of the elastic to

surface energy. The following simple scaling analysis13 reveals the

essence of the results. Since the non-linear constitutive relation

suggests a far-field stress that scales with the square of the strain (3o),
This journal is ª The Royal Society of Chemistry 2012
s� E3o2, the elastic energy recovered on opening a crack of length 2a

in a packing of unit thickness scales as, s3oa2. This is because the

region of relaxation extends a distance that scales with a from the

crack.Here,EhGMfrcp is the effectivemodulus of the packing,G is

the shear modulus of the particles, M is the number of nearest

neighbors in the packing, and frcp is the close packing concentration.

Equating this to surface energy (ga), gives the critical tensile stress for

an equilibrium flaw, sca
2/3 � E1/3g2/3. It is important to note that the

critical stress is independent of the dimensions of the particles in

the colloidal packing though the capillary stress (glg/R) that exerts the

tensile stress will be dependent on the particle size.7

Following Sarkar and Tirumkudulu,11 the expression for the crit-

ical tensile stress that accounts for the breaking of particle contacts

(low pH case) is given by,�
scR

2glg

�� a

R

�2=3

¼ A

�
frcpgsg

glg

�2=3�GMfrcpR

2glg

�1=3

; (1)

where A¼ 0.45 for a plane stress deformation, and gsg is the surface

tension of alumina.14 Since gsg [ glg, the surface energy contribu-

tion from breaking particle contacts, (frcpgsg), is much larger than

that due to surface tension of the solvent, ((1 � frcp)glg), and there-

fore the latter is ignored in (1). Given that the mode-I stress intensity

factor for a flaw in a linear elastic two dimensional material and that

for a circular flaw of the same dimension embedded in a three

dimensional body have identical scaling (with flaw size) and differ

only by a factor of order one, (2/p),15we shall apply (1) to predict the

critical stress for our experiments.

Fig. 3(a) plots the predicted dimensionless critical tensile stress (1)

as a function of the dimensionless inverse flaw size (�a�1). Clearly, the

measured critical stress follows the same scaling with the neck radius

as that with the flaw size. If we assume that the average flaw size is

a linear function of the neck radius, �rN � 8.6�a, then the predicted

critical stress (dotted line in Fig. 3(a)) matches well with the experi-

ments, suggesting that the flaw size is constrained by the dimensions

of the neck and that the flaw size varies in proportion to the diameter

of the neck. Scanning Electron Microscopy (SEM) images revealed

voids in failed sections of fibers with neck diameters greater than

700 mm (�r�1 < 5� 10�4) though they were not as frequent in smaller

fibers. Of the 10 samples investigated, all the 7 large diameter fibers

showed voidswhile no voids were observed in the thin fibers. Further,

the average ratio of neck radius to largest visible void radius was 5.8

(Fig. 3(b)), about the same order as that predicted by theory. This

suggests that while the trapped voids were responsible for nucleating

cracks in large fibers, packing faults may be the cause for cracks in

smaller fibers. The latter, however, could not be confirmed using

SEM imaging. Below a critical neck radius, denoted by the vertical

dotted line in Fig. 3(a), the colloidal fibers never failed but instead the

entire fiber de-bonded from the top plate. The corresponding value of

the dimensionless critical stress is 3.8 which sets the stress beyond

which the de-bonding occurs. Since the tensile stress is related linearly

to the capillary pressure,11 �Pc ¼ 3

2
sc, the critical capillary pressure

is 5.7. This value is close to the theoretical maximum capillary

pressure16 �5.3. These results suggest that the maximum allowable

tensile stress is set by the maximum capillary pressure which deter-

mines the ultimate strength of the colloidal packing. Thus, the region

above the horizontal dotted line for �sc > �smax ¼ 3.8 pertains to the

unattainable region since the tensile stresses cannot exceed that value

implying that if �rN< �rN,c (region to the right of the vertical dashed line
Soft Matter, 2012, 8, 303–306 | 305
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in Fig. 3), then fiber can never crack under capillary stress. Conse-

quently, a packing with large and hard particles can withstand large

flaws without failing. These predictions are borne out by the exper-

iments notwithstanding the small scatter in the data. Interestingly,

once �a < �ac in the neck region, the entire fiber remains crack-free even

though the size of the flaws in other sections of the packing are larger

than ac. This is because, for a given tensile force exerted by the top

plate, the local tensile stress at each section of the fiber varies as

s� r�2 and these points lie below the critical tensile stress that varies

as r
�2
3

N . This however assumes that the ratio of the void size to the

local fiber diameter remains same everywhere.

While the observations follow the predictions of the aforemen-

tioned constitutive relation,12 we note that the constitutive relation

proposed recently by Russel et al.6 based on the more accurate

Hertzian contact mechanics gives a slightly different scaling of critical

stress on the flaw size, sc� a�3/5. Given the scatter in the data in Fig. 3

(a), the predictions from the two constitutive relations fit the data

equally well.

Our study reveals that the critical stress for failure in drying

colloidal systems scales differently with flaw size (sc � a�2/3)

compared to that for brittle materials (sc � a�1/2). As in the case of

brittle materials, the result is universal and does not depend on the

geometry of the colloidal sample. Further, unlike the case of brittle

materials, there is a limit to the drying induced tensile stress that is set

by the particle size and interfacial tension. Consequently, it is possible

to achieve crack-free colloidal packings even in the presence of flaws

as long as the critical stress for driving a crack from the flaw is higher

than the maximum possible tensile stress. These results are supported

by extensive tensile force experiments and evaluation of failed

sections using an SEM. The drying dynamics of the liquid bridge and

subsequent formation of flaws is a complex process though the shape

evolution clearly suggests that the particles first pack close to the top
306 | Soft Matter, 2012, 8, 303–306
and bottom plates and the packed front moves towards the middle

section. Though detailed calculations are required to elucidate the

mechanism for the formation of voids, the experiments clearly show

that if the flaw size can be restricted below the critical value predicted

by (1), large colloidal packings free of cracks can be synthesized.

These results have particular implications for the use of drying

techniques to assemble large colloidal packings such as photonic

band gap crystals.
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